We prove that a map between two realcompact spaces is skeletal if and only if it is homeomorphic to the limit map of a skeletal morphism between ω-spectra with surjective limit projections.
Characterizing skeletal maps between metrizable Baire spaces
It is clear that each open map is skeletal. For closed maps between metrizable Baire spaces this implication can be partly reversed. Let us recall that a topological space X is Baire if for any sequence (U ) ∈ω of open dense subsets U ⊂ X the intersection ∈ω U is dense in X .
We shall say that a map : X → Y between topological spaces is
• open at a point ∈ X if for each neighborhood U ⊂ X of the image (U) is a neighborhood of ( );
• open at a subset A ⊂ X if is open at each point ∈ A;
• densely open if is open at some dense subset A ⊂ X .
It is easy to see that each densely open map is skeletal. The converse is true for skeletal maps between metrizable compacta, and more generally, for closed skeletal maps defined on metrizable Baire spaces.
Theorem 1.1.
For a closed map : X → Y defined on a metrizable Baire space X the following conditions are equivalent:
(i) is skeletal;
(ii) is skeletal at a dense subset of X ;
(iii) is densely open;
(iv) is open at a dense G δ -subset of X .
Proof. The U is a dense G δ -set in X . It is
clear that is open at the set A.
The following simple example shows that the metrizability of X is essential in Theorem 1.1 and cannot be weakened to the first countability. 
Skeletal and densely open squares
In this section the notions of skeletal and densely open maps are generalized to square diagrams. These generalized properties will be used in the spectral characterization of skeletal maps given in a next section. • densely open if it is open at some dense subset A ⊂ X ;
• skeletal if D is skeletal at X .
Remark 2.2.
If the square D is skeletal (at a point ∈ X ), then the map is skeletal (at the point ).
Remark 2.3.
A map : X → Y is skeletal (resp. open) at a subset A ⊂ X if and only if the square
It is easy to see that each densely open square is skeletal. Under some conditions the converse is also true. The following proposition is a "square" counterpart of the characterization from Theorem 1.1.
Proposition 2.4.
Let D be a commutative diagram
consisting of continuous maps between topological spaces such that the map : X → Y is closed, the projection Y is surjective, and the space X is metrizable and Baire. Then the following conditions are equivalent:
(ii) D is skeletal at a dense subset of X ;
Proof. The implications (iv) ⇒ (iii) ⇒ (ii) ⇒ (i) are trivial and hold without any conditions on D. To prove the implication (i) ⇒ (iv), assume that the square D is skeletal. First let us prove two auxiliary claims. 
Claim 1.

For each non-empty open subset U ⊂ X there is a non-empty open
. Taking into account that the map is closed, we see that the set ( −1 X (W )) is closed in Y and hence −1
Applying to these inclusions the surjective map Y , we get 
Proof. 
Skeletal squares and inverse spectra
In this section we detect morphisms between inverse spectra, inducing skeletal maps between their limit spaces. At first we need to recall some standard information about inverse spectra, see [2, Chapter 1], [3, § 2.5], [4, § 3.1] for more details.
For an inverse spectrum S = {X α β α A} consisting of topological spaces and continuous bonding maps, by
we denote the limit of S and by α : lim S → X α , α : → α , the limit projections.
Let S X = {X α β α A} and S Y = {Y α π β α A} be two inverse spectra indexed by the same directed partially ordered set A.
between the limits of these inverse spectra. For indices α ≤ β in A the commutative squares
are called respectively the limit ↓ α -square and the bonding ↓ β α -square of the morphism { α }.
We shall say that the morphism { α } α∈A :
• has skeletal limit squares if for every index α ∈ A the limit ↓ α -square is skeletal;
• has skeletal bonding squares if for every indices α ≤ β in A the bonding ↓ β α -square is skeletal.
Our aim is to find conditions on a morphism { α } : S X → S Y of spectra implying the skeletality of the limit map = lim α : lim S X → lim S Y .
Proposition 3.1.
For a morphism { α } α∈A : S X → S Y between inverse spectra S X = {X α β α A} and S Y = {X β π β α A} with surjective limit projections, the limit map lim α : lim S X → lim S Y is skeletal if the morphism { α } has skeletal limit squares.
Proof. We need to show that the limit map = lim α : 
lies in the closure of the set ( −1 α (U α )), which lies in the closure of (U).
It turns out that in some cases the skeletality of squares is preserved by limits.
A partially ordered set A is called κ-directed for a cardinal number κ if each subset K ⊂ A of cardinality |C | ≤ κ has an upper bound in A. For a topological space X by π (X ) we denote the π-weight of X , that is, the smallest cardinality |B| of a π-base B for X . We recall that a family B of non-empty open subsets of X is called a π-base for X if each
non-empty open subset of X contains a set U ∈ B.
Proposition 3.2.
Let { α } α∈A : S X → S Y be a morphism between inverse spectra S X = {X α β α A} and S Y = {X β π β α A} with surjective limit projections. If for some α ∈ A and the cardinal κ = π (Y α ) the index set A is κ-directed, then the limit ↓ α -square is skeletal provided that for any β ≥ α in A the bonding ↓ β α -square is skeletal.
Proof. Assuming that the limit ↓ α -square is not skeletal, we can find a non-empty open set U α ⊂ X α such that for
is not empty and hence contains a set of the form
By our hypothesis, the bonding ↓ β α -square is skeletal. Then for the open subset
. We lose no generality assuming that V ∈ B. In this case the choice of the set W V guarantees that π −1
of (π β α ) −1 (V ) does not intersect the set π β • (U) = β • β (U) = β (U β ) and hence cannot lie in cl β (U β ). This contradiction shows that the limit ↓ α -square is skeletal.
Corollary 3.3.
Let { α } α∈A : S X → S Y be a morphism between inverse spectra S X = {X α β α A} and S Y = {X β π β α A} with surjective limit projections. If for the cardinal κ = sup {π (Y α ) : α ∈ A} the index set A is κ-directed, then the morphism { α } α∈A has skeletal limit squares provided it has skeletal bonding squares.
For πτ-spectra, Proposition 3.1 can be partly reversed. First let us introduce the necessary definitions. Let τ be an infinite cardinal number. We shall say that an inverse spectrum S = {X α β α A} is a πτ-spectrum (resp. a τ-spectrum) if • each space X α , α ∈ A, has π-weight π (X α ) ≤ τ (resp. weight (X α ) ≤ τ);
• the index set A is τ-directed in the sense that each subset B ⊂ A of cardinality |B| ≤ τ has an upper bound in A;
• the index set A is ω-complete in the sense that each countable chain C ⊂ A has the least upper bound sup C in A;
• the spectrum S is τ-continuous in the sense that for any directed subset C ⊂ A with γ = sup C the limit map lim
• τ-closed if for each directed subset D ⊂ C that has the least upper bound sup D in A we get sup D ∈ C ;
• τ-stationary if C has non-empty intersection with any cofinal τ-closed subset of A.
Theorem 3.4.
Let { α } α∈A : S X → S Y be a morphism between two πτ-spectra S X = {X α β α A} and S Y = {Y α π β α A} with surjective limit projections. If the limit map lim α : lim S X → lim S Y is skeletal, then for some cofinal τ-closed subset B ⊂ A the morphism { α } α∈B is skeletal and has skeletal bonding and limit squares. Proof. To simplify notation, let X = lim S X , Y = lim S Y , and = lim α : X → Y . First we show that the set B = α ∈ A : the limit ↓ α -square is skeletal is cofinal and τ-closed in A. For this we shall prove an auxiliary statement:
Claim 3. For every α ∈ A there is β ∈ A, β ≥ α, such that for any non-empty open set U ⊂ X α there is a non-empty open set V ⊂ Y β such that π
Proof. In the space X α fix a π-base B of cardinality |B| = π (X α ) ≤ τ. For every set U ∈ B the preimage −1 α (U) is a non-empty open set in X = lim X α . Then the skeletality of the limit map : X → Y yields an open set V U ⊂ Y such that V U ⊂ cl ( −1 α (U)). By the definition of the topology of the limit space Y , for some index α U ∈ A, α U ≥ α, there is
has an upper bound β in A. It is easy to see that the index β has the property stated in Claim 3.
Claim 4. The set B is cofinal in A.
Proof. Fix any index α 0 ∈ A. Using Claim 3, by induction we can construct a non-decreasing sequence (α ) ∈ω in A such that for any non-empty open set
Since the set A is ω-complete, the set {α } ∈ω has the least upper bound β = sup {α } ∈ω ∈ A. The proof of Claim 4 will be complete as soon as we check that β ∈ B, which means that the limit ↓ β -square is skeletal.
Given any non-empty open set U β ⊂ X β we need to find a non-empty open set
). Since the spectrum S X is τ-continuous, the space X β can be identified with the limit of the inverse spectrum Consider the open set V β = (π β α +1 ) −1 (V ) ⊂ Y β . Taking into account that the limit projections β and π β are surjective, we conclude that
which implies that β ∈ B.
Proof. Let C ⊂ B be a directed subset of cardinality |C | ≤ τ having the least upper bound γ = sup C in A. We need to show that γ ∈ B, which means that the limit γ-square is skeletal. Fix a non-empty open subset U γ ⊂ X γ . Since the spectrum S X is τ-continuous, the space X γ can be identified with the limit space of the inverse spectrum {X α
Then the open set U γ ⊂ X γ contains the preimage (
which implies that the limit ↓ γ -square is skeletal.
Claim 6. For any indices α ≤ β in B the bonding ↓ β α -square is skeletal.
Proof. To show that the bonding ↓ β α -square is skeletal, fix any open non-empty subset U ⊆ X α . Since α ∈ B, the limit ↓ α -square is skeletal and hence there exists an open non-empty subset V ⊆ Y α such that π −1 α (V ) ⊆ cl ( −1 α (U)). Since the limit projections β and π β are surjective, we get
The definition of the set B and Remark 2.2 imply our last claim, which completes the proof of Theorem 3.4.
Claim 7. For every α ∈ B the map α : X α → Y α is skeletal and hence the morphism { α } α∈B is skeletal.
The following theorem partly reverses Theorem 3.4.
Theorem 3.5.
Let { α } α∈A : S X → S Y be a morphism between two πτ-spectra S X = {X α β α A} and S Y = {Y α π β α A} with surjective limit projections. If the limit map lim α : lim S X → lim S Y is not skeletal, then the set
Proof. Assume that the limit map = lim α : X → Y between the limit spaces X = lim S X and Y = lim S Y is not skeletal. Then the space X contains a non-empty open set U ⊂ V whose image (U) is nowhere dense in Y . We lose no generality assuming that the set U is of the form U = −1 (U ) for some index ∈ A and some non-empty open set U ⊂ X .
To prove our theorem, we need to check that the set B meets each cofinal ω-closed subset C of A.
Claim 8. For any index α ∈ C , α ≥ , there is an index β ∈ C , β ≥ α, such that for any non-empty open set V α ⊂ Y α there is a non-empty open set W β ⊂ Y β such that π
Proof. Fix a π-base B for the space Y α having cardinality |B| = π (Y α ) ≤ κ. Since the set (U) is nowhere dense, for every set V ∈ B the open subset π −1 α (V ) \ cl (U) of Y is not empty and hence contains a set of the form π −1 α V (W V ) for some index α V ≥ α in A and some non-empty open set W V ⊂ Y α V . Since the index set A is κ-directed and the set C is cofinal in A, the set {α V : V ∈ B} has an upper bound β ∈ C . It is easy to see that the index β has the required property.
Using Claim 8, by induction construct a non-decreasing sequence (α ) ∈ω in C such that α 0 ≥ and for any non-empty
Since the set C is ω-closed in the ω-complete set A, the chain {α } ∈ω ⊂ C has a least upper bound β ∈ A, which belongs to the ω-closed set C .
Claim 9. β ∈ B ∩ C .
Proof. We need to show that the map β : X β → Y β is not skeletal. Assuming the opposite, for the non-empty open subset U β = ( β 0 ) −1 (U ) = β (U) of X β , we can find a non-empty open set V β ⊂ Y β that lies in the closure cl β (U β ). Since the spectrum S Y is ω-continuous, the space Y β can be identified with the limit space of the inverse spectrum {Y α π α α ω}. Therefore, we lose no generality assuming that the set V β is of the form
Applying to this inclusion the surjective map π β , we obtain that the non-empty open subset
of V does not intersect the set β (U β ) and hence cannot lie in its closure. This contradiction shows that the map β is not skeletal and hence β ∈ B ∩ C .
The proof of Theorem 3.5 is finished.
A spectral characterization of skeletal maps between realcompact spaces
In this section we prove Theorem 4.1 which characterizes skeletal maps between realcompact spaces and is the main result of this paper. This characterization has been applied in the paper [1] to detect functors that preserve skeletal maps between compact Hausdorff spaces. For a map : X → Y between Tychonoff spaces the following conditions are equivalent:
(i) is skeletal and the spaces X Y are realcompact.
(ii) is homeomorphic to the limit map lim α : lim S X → lim S Y of a skeletal morphism { α } : S X → S Y between two ω-spectra S X = {X α β α A} and S Y = {Y α π β α A} with surjective limit projections.
(iii) is homeomorphic to the limit map lim α : lim S X → lim S Y of a morphism { α } : S X → S Y with skeletal limit squares between two ω-spectra S X = {X α β α A} and S Y = {Y α π β α A} with surjective limit projections.
(iv) is homeomorphic to the limit map lim α : lim S X → lim S Y of a morphism { α } : S X → S Y with skeletal bonding squares between two ω-spectra S X = {X α β α A} and S Y = {Y α π β α A} with surjective limit projections.
Proof. We shall prove the implications (i) ⇒ (iv) ⇒ (iii) ⇒ (ii) ⇒ (i). The final implication (ii) ⇒ (i) follows from Theorem 3.5 and [2, Proposition 1.3.5] which says that a Tychonoff space is homeomorphic to the limit space of an ω-spectrum (with surjective limit projections) if and only if it is realcompact.
Let us observe that Theorem 4.1 does not hold for arbitrary spectra. Just take any non-skeletal map : X → Y between zero-dimensional (metrizable) compacta and apply the following lemma.
Lemma 4.2.
Each continuous map : X → Y from a topological space X to a realcompact space Y of covering topological dimension dim Y = 0 is homeomorphic to the limit map lim α : lim S X → lim S Y of a skeletal morphism { α } α∈A : S X → S Y between inverse spectra S X = {X α β α A} and S Y = {Y α π β α A}.
Proof. By [2, Lemma 6.5.4], the zero-dimensional realcompact space Y is homeomorphic to a closed subspace of the power N τ for some cardinal τ. Let A = [τ] <ω be the family of finite subsets of τ, partially ordered by the inclusion relation. For every α ∈ A, let Y α be the projection of the space Y ⊂ N τ onto the face N α and let π α : Y → Y α be the corresponding projection map. For any finite sets α ⊂ β let π β α : Y β → Y α be the corresponding bonding projection.
Then the space Y can be identified with the limit lim S Y of the inverse spectrum S Y = {Y α π β α A} consisting of discrete spaces Y α , α ∈ A.
The space X can be identified with the limit of the trivial spectrum S X = {X α β α A} consisting of spaces X α = X and identity bonding maps π β α : X β → X α . Then the map is homeomorphic to the limit map lim α : lim S X → lim S Y of the skeletal morphism { α } α∈A : S X → S Y consisting of the maps α = π α • : X α = X → Y α , α ∈ A. Here we remark that each map α : X α → Y α is skeletal (even open) because the space Y α is discrete.
